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Communicated by W. Prager 
Abstract. This paper develops the concept of a contour of complete 
nonuniqueness and shows its application to the optimal design (optimal 
layout) of simple trusses transmitting a concentrated force to a pres- 
scribed, arbitrary foundation contour. As an example, a symmetric 
two-bar truss with compressed bars is considered, and the constraints 
refer to various kinds of elastic instability of the system. 
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1. Introduction 
In his CISM lectures (Udine, 1974), Prager (Ref. 1) presented a 
completely nonunique problem of optimal layout of a simple truss. Any 
symmetric two-bar truss joining the circular foundation contour to a point 
on the circle carrying this contour (with the bars subject to the same tensile 
stress or) has equal volume; hence, any layout of the truss is optimal. 
It turns out, however, that this interesting example of complete 
nonuniqueness may also serve as the basis of a method of optimization for 
the problem of transmission of a single force to a given foundation of 
arbitrary shape. In fact, if we draw a family of contours corresponding to 
constant volume V under a constant force P, ca/led here the contours of 
complete nonuniqueness, so as to obtain tangency of one curve of that family 
with the foundation, then the points of tangency determine the optimal 
design (Fig. 1). Any other  design corresponds to a larger circle, and hence to 
a larger volume. 
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Family of contours of complete nonuniqueness as a method of optimization of a truss 
in tension. 
In the particular case discussed in Ref. 1, all contours of complete 
nonuniqueness were geometrically similar; hence, the problem of the opti- 
mal design shown in Fig. 1 was extremely simple. This present paper 
develops the method of optimization described and applies it to a more 
complicated case of a truss with bars subject to compression (Fig. 2); here, 
the stability constraints must be introduced. 
2. Concept of a Contour of Complete Nonuniqueness 
Consider the following problem: we have to transmit the given force P 
to a prescribed symmetric contour F(x, y) = 0 by means of a certain truss, for 
example a two-bar truss. The problem of the optimal design of such a truss 
under some constraints may have one solution, several solutions, or 
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Fig. 2. Geometry changes before the loss of stability. 
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infinitely many solutions. In the latter case, we speak of a contour of 
complete nonuniqueness. We are looking for the family of such contours in 
order to use it later in the optimal design of trusses based on other 
foundation contours. 
The volume of the truss, assumed as the design objective, is given by 
V = 2 A t ,  (1) 
where A denotes the common cross-sectional area and I the common length 
of the two bars. Consider now a constraint of the form 
g(l, ¢, A;  P) = 0, (2) 
where q~ is the angle shown in Fig. 2. Eliminating the cross-sectional area A 
from (1) and (2), we obtain 
f(l, ,#; v,  P)  = 0. (3) 
This equation may be regarded as specifying a family of curves given in 
implicit form in the polar system of coordinates I, ~o, with the parameters V 
and P;  in most cases, these two parameters may be reduced to a single 
parameter.  Each curve determines a contour of complete nonuniqueness, 
since the volume is constant here, independent  of the design variables ¢ and 
A. In the case of several independently acting constraints 
g,(t, ~, A;  P)~<0, 
we obtain the contours of complete nonuniqueness consisting of several 
segments 
f;(l, ~ ;  v , P ) =  0. 
3. Contours of Complete Nonuniqueness for Three Forms of Instability 
Consider the two-bar truss shown in Fig. 2. The dashed line shows the 
undeformed truss, whose apex is taken as the origin of the polar coordinates 
I, q~. In the deformed state, the angle q~ changes into c~ ; the normal force in 
the bars equals 
N = P / 2  cos o~. (4) 
Under  the assumption of perfect elasticity, three forms of instability will be 
considered, and the corresponding critical forces are as follows: 
(i) for buckling of individual bars, 
PIc~ = (2rr2EJ /12)  cos oe; (5) 
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(ii) for h o r i z o n t a l  ins tab i l i t y  without buckling of the bars (narrow, 
slender trusses), 
PIclr = 2 E A  sin 2 a cos a ; (6) 
(iii) for snap-through of the truss (wide, shallow trusses), 
P~c~r ~ = 2 E A  cos a a. (7) 
Equat ion (5) results directly f rom Euler 's  formula;  the symbol J 
denotes the momen t  of inertia corresponding to in-plane buckling, out-of-  
plane buckling being excluded. Equations (6) and (7) are derived, for 
example,  by Biirgermeister,  Steup, and Kretzschmar (Ref. 2). 
In order  to express the angle a in terms of the initial angle q~ (which 
determines the shape of the contour in polar  coordinates), we denote the 
critical (compressive) strain in the bars by E~r, and write a simple geometric  
relation and Hooke ' s  law in the forms 
l sin ¢ = 1(1 - e c r )  sin a, 
(8) 
~ = P / 2 E A  cos a. 
Combining (8) successively with (5)-(7), we obtain for individual forms 
of loss of stability: 
sin ~p = ¼[3 + x/(1 - 8rr2/h 2)] sin a, (9) (i) 
where 
h = l / i  
denotes the slenderness ratio of an undeformed bar, i being the radius of 
inertia, 
sin ~ = cos 2 a sin a, (10) (ii) 
and 
(iii) sin q~ = sin 3 a. (11) 
In the case of buckling of bars, see Eq. (9), the difference between ¢ and 
a is very small, as a rule; for example,  for h = 100, it is of order 1%. 
Practically, one may set ~ = a in that case, and in what follows this 
simplifying assumption will be adopted. Also, the difference between the 
lengths of the bars in the deformed and undeformed states is neglected here. 
In the remaining cases of instability, the differences between a and ¢ are 
more important  and will be accounted for. 
Next,  we have to express J in terms of A ;  in most cases, we can put 
J :- c A  n, 
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where n = 2 for geometrically similar sections (given shape of the section), 
n = 1 or n = 3 for given depth or width of the section, and c is a constant 
(Ref. 3). Hence,  introducing a certain safety factor against instability f, we 
rewrite the constraints (5)-(7) as follows: 
(i) gl(l, q~, A;  P) = P/-(27r2EcA'~/l  2) cos q~ ~<0, 
(ii) g2(~P, A;  P) = (Pf f2EA) sin ¢ - ( s i n  2 q9 +P2/2/4E2A2)3/2~O, (12) 
(iii) g3(q~, A;  P) = PI - 2EA(1 - sin 2/3 ~)3/2 ~ 0. 
If we restrict ourselves to circular sections of the bars, 
n = 2, c = 1/4rr. 
Combining (12) with the condition of constant volume (1), and eliminating 
the cross-sectional area A, we obtain the following equations of the seg- 
ments of the contour  of complete  nonuniqueness: 
(i) fl(1, ~ ; V, P) = (8P]/rrEV2)I 4 -  cos ~p = 0, 
(ii) f2(l, q~ ; V, P)  = Pjl sin ~ / E V -  (sin 2 q~ + P2f212/E2 V2) 3/2 = 0, 
(iii) f3(l, ~; V, P) = P f l / E V - ( 1  - s i n  2/3 ,)3/2 = 0. (13) 
The contour consists of the segments f; which are closest to the origin of 
coordinates. 
4. Family of Contours of Complete Nonuniqueness as a Method of 
Optimization for Other Foundation Shapes 
An example,  the contour of complete nonuniqueness described by Eqs, 
(13), is shown in Fig. 3. For given material  constants E, and given safety 
factor f, Eqs. (13) define a two-paramete r  family of contours, with V and P 
as independent  parameters .  The number  of parameters  may be reduced to 
one by introducing suitable dimensionless quantities. Such an introduction 
depends on the formulation of the optimization problem;  we consider here 
two variants. 
Firstly, let us suppose that the force P to be transmitted from a fixed 
point to a given foundation is given, and we look for the minimal volume of 
the truss. In this case, we introduce the dimensionless radius Pp in such a way 
as to have it independent  of V, nameIy, 
pp = 14(8E/rcPf), (14) 
and the following dimensionless paramete r  v proport ional  to the volume: 
V--" Vx/(8E3/Tgp3i3). (15) 
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Fig. 3, 
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Exemplary contours of complete nonuniqueness for the three forms of instability 
investigated. 
Using these quantities, we may rewrite (13) in the form: 
(i) f le( pp, ~ ; I)) = pp  - -  ~ / ;  COS 1/4 q9 : 0,  
(ii) f2P(p~, q~; v) = pp sin q~ - (1/1)2)(v 2 sin _ 2,3/2 t o p )  = 0 ,  (16) 
(iii) f3e(Pp, q~; v) = pp - v(1 - s i n  2/3 ~0) 3/2 = 0. 
Drawing the one-pa ramete r  family of contours (16), we find a contour 
which is tangent to the given foundation, and the points of tangency 
determine the opt imal  solution (Fig. 4). Indeed, any other solution cor- 
responds to a larger value of the pa ramete r  v. Of course, tangency must be 
understood here in a generalized sense (the first common  point), since the 
contours of complete  nonuniqueness have some corner points. Further,  if 
there exist more  than one point of tangency, the prob lem under  considera- 
tion has several solutions which are equally optimal.  
Secondly, consider the case of a given volume V, and look for the 
maximal  force P to be  transmit ted to a given foundation. We introduce here 
the dimensionless radius 0r independent  of P, namely,  
Pv = P o / ( 1 ) )  1/3 = [2/('rrV)l/3]l, (17) 
and the following dimensionless pa ramete r  proport ional  to the force P: 
p = 1/1) 2/3 = (Pj/2E)(rr/W2) 1/3. (18) 
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Fig. 4. 
p / f a m i l y  of contours 




. foundat ion 
(symmetric) 
Family of contours of complete nonuniqueness as a method of optimization of a truss 
in compression. 
In this case, we rewrite (13) in the form: 
(i) f~ v ( p v ,  ,p ; p )  = p v  -(cos ~ / p ) 1 /4  = o, 
(ii) f2v(pv,  q~; P) = pv  sin q~ - (1/p)(sin 2 ~ +pZp2v)s/2 = 0, (19) 
(iii) f s v ( p v , ~ ; p ) = p v - ( 1 / p ) ( 1 - s i n Z / 3 q ~ ) 3 / Z = O .  
Also in this case, the tangency with the given foundation determines the 
optimal solution; other solutions correspond to smaller values of the 
parameter  p. 
It should be noted that the third segments fs of the families (16) or (19), 
corresponding to snap-through of the truss, remain geometrically similar to 
each other  (they are homothetic with the factor v or l /p ,  respectively). The 
same remark refers to the first segments fl ,  but under the simplified 
assumption a ~ ~, which is justified here. The second segments f2 do not 
exhibit that property;  it would hold under the simplified assumption a ~ q~, 
but this assumption is less justified if horizontal instability is considered. 
5. Conclusions 
The contours of complete nonuniqueness may serve not only as inter- 
esting examples of nonuniqueness of optimization problems, but also as a 
simple and useful tool of optimization for given foundation shapes. They 
were applied here to very simple two-bar trusses, but many other  
trusses may be treated in a similar way, for example those considered by 
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Wojdanowska and ~;yczkowski (Refs. 4 and 5). Also, the restriction to 
elastic instability may be removed; however, the elastic-plastic range brings 
several new problems, and the results will be published separately (Ref. 6). 
References 
1. PRAGER, W., Introduction to Structural Optimization, Courses and Lectures No. 
212, Udine 1974, Springer-Verlag, Berlin, Germany, 1974. 
2. B~RGERMEISTER, G., STEUP, H., and KRETZSCHMAR, H., Stabilitiitstheorie, 
Vol. 2, Akademie-Verlag, Berlin, Germany, 1963. 
3. GAJEWSKI, A., and ZYCZKOWSKI, M., Optimal Design of Elastic Columns 
Subfect to the General Conservative Behaviour of Loading, Zeitschrift ffir Ange- 
wandte Mathematik und Physik, Vol. 21, pp. 806-818, 1970. 
4. WOJDANOWSKA, R., and ZYCZKOWSKI, M., Optimal Structural Design of 
Trusses with the Conditions of Elastic-Plastic Stability Taken into Account, 
Bulletin de L'Academie Polonaise des Sciences, S6rie des Sciences Techniques, 
Vol. 18, pp. 365-372, 1970. 
5. WOJDANOWSKA, R., and ZYCZKOWSKI, M., Optimum Design of Lattice 
Structures in Creep Conditions with Consideration of the Kempner-Hoff Theory of 
Buckling, Bulletin de L'Academie Polonaise des Sciences, S6rie des Sciences 
Techniques, Vol. 21, pp. 261-268, 1973. 
6. MARKIEWICZ, M., Kszattowanie Prostych Ustroj6w Kratowych przy Warun- 
kach Stateczno~ci Spr¢2ysto-Plastycznef Metod~ Wyznaczania Konturu Catkow- 
itej Nieiednoznacznogci, Rozprawy In~ynierskie, Vol. 28, 1980 (to appear). 
